Recent improvements in experimental techniques for preparing ultracold molecules that contain alkali atoms (e.g., Li, Na, and K) have been reported. Based on these advances in ultracold molecules, new searches for the electric dipole moment of the electron and the scalar-pseudoscalar interaction can be proposed on such systems. We calculate the effective electric fields (Eeff) and the S-PS coefficients (Ws) of SrA and HgA (A = Li, Na, and K) molecules at the Dirac-Fock (DF) and the relativistic coupled cluster (RCC) levels. We elaborate on the following points: i) Basis set dependence of the molecular properties in HgA, ii) Analysis of Eeff and Ws in SrA and HgA, and comparison with their fluoride and hydride counterparts, iii) Ratio of Ws to Eeff (Ws/Eeff) at the DF and the correlation RCC levels of theory.
I. Introduction
The electric dipole moment of the electron (eEDM) is a physical property of the particle (if detected) that arises from Parity (P) and Timereversal (T) symmetry violations [1, 2] . Although the existence of the eEDM is predicted in the standard model (SM) of particle physics, its predicted value is extremely small ((|de| ≂ 10
-38
e-cm [3] , |de| ≂ 10 -40 e-cm [4] ) and therefore, measuring its SM value is currently not possible.
In contrast, many particle physics theories that are beyond the standard model (BSM) predict values of the eEDMs that are several orders of magnitude greater than their SM counterparts [2] [3] [4] [5] , and some are well within reach of current experiments [6] [7] [8] . Therefore, upper bounds on the eEDM placed by experiments, thereby constraining stringently several post-SM theories, are a crucial probe of BSM physics. In particular, eEDM tabletop experiments that use atoms and molecules can probe PeV energy scales, which are well beyond the reach of accelerators [3] .
Another P, T violating interaction, but which is predicted only by BSM theories, is the scalarpseudoscalar (S-PS) interaction between the nuclei and the electrons in an atom or a molecule [9] [10] [11] . The coupling constant associated with this interaction is the S-PS constant (ks). The S-PS interaction is predicted in, for example, the minimal supersymmetric standard model (MSSM) [12] , where the loopinduced Higgs-gluon-gluon couplings contribute to ks, and the aligned two-Higgsdoublet model (A2HDM) [13] . The S-PS interaction is not predicted in all BSM theories, but its importance relative to the eEDM depends on the theory. For example, there is a model which predicts a large contribution of the S-PS interaction to the atomic (and molecular) EDM as compared to the eEDM [14] . More details on the importance of eEDM searches and the S-PS interaction can be found in Chupp's review [15] .
The values of de and ks are obtained by a combination of experimental energy shifts in atoms or molecules and theoretically determined enhancement factors (further details can be found in Appendix A of Ref. [16] ). The latter can be calculated only by using atomic or molecular relativistic many-body theories. The enhancement factor for the eEDM interaction is the effective electric field (Eeff), while that for the
S-PS interaction is the S-PS coefficient (Ws).
Since both the eEDM and the S-PS interactions contribute to the measured energy shift in an experiment, we need to perform measurements on two or more systems with different sensitivities to these interactions, in order to obtain their contributions individually (c.f.
Figure 1 in Ref. [17] and Figure 1 in Ref. [18] ).
In the subsequent sections, we discuss the sensitivity of a given system in terms of the ratio between their Ws and Eeff (Ws/Eeff).
Molecules that can be cooled to the ultracold regime are attractive as candidate systems for an eEDM experiment because of their large coherence time and the total number of molecules that can be used for that experiment.
One such set of molecules that offer promise for future eEDM search experiments are metal-alkali diatomic systems. In fact, several groups have successfully reported on the cooling of systems such as YbLi [19, 20] , HgRb [21] , etc.
In contrast, the theoretical investigations of metal-alkali molecules for the eEDM searches are limited to the work of Meyer et al. [22] , and our recent work on Hg-alkalis (HgA) [23] . In the former, potential energy surfaces (PES) and molecular properties of Yb-alkali and Yb-alkaliearth-metal molecules are calculated at the nonrelativistic level [22] . The latter involves calculations of Eeff, Ws and the molecular permanent electric dipole moment (PDM) for HgA systems using Dyall cv3z basis set using a relativistic coupled cluster singles and doubles (CCSD) approach [23] . The work also presents a preliminary estimate of the expected sensitivity in eEDM experiments using HgA molecules.
Metal-alkali systems have van der Waals-like bonding, which is different from other candidate molecules with ionic bonding (e.g., ThO [6, 8] , HfF + [7] , and YbF [24, 25] (Ws/Eeff) of HgX and SrX (X = H, Li, F, Na, and K) are almost constant and are independent of X.
The ratio Ws/Eeff of HgX and SrX are not significantly affected by correlation effects, which was also observed in our previous work [27] . We explain the reason for this trend by expanding Ws/Eeff using a second quantized formalism.
II. Theory
The expression for the eEDM operator is given by [28] 
where Ψ is the four-component electronic wavefunction of the molecule. In this work, we employed a summation over the one-electron operator for the expectation value, as given below [29, 30] e 2 eff 5
where i is the imaginary unit, c is the speed of light, γ5 is the product of Dirac matrices, and p is the momentum operator. The expectation value of Eq. (3) is equal to that of Eq. (1) only when is the exact eigenfunction of the unperturbed Hamiltonian, which is the Dirac-Coulomb (DC)
Hamiltonian, in this work.
The S-PS interaction is defined by the following operator [9, 10]   n e n S PS S PS,
where GF is the Fermi coupling constant, expressed in atomic units (2.22249×10 -14
Nn represents the total number of the nuclei in the molecule, and A labels the nuclei. Z is the nuclear charge. ks,A is the dimensionless S-PS interaction constant of the atom A. We used the same Gaussian-type distribution function, for the nuclear charge density ρ, as in our previous work [31] . The S-PS coefficient Ws,A is defined for molecules with 2  character as follows:
The permanent molecular electric dipole moment (PDM) is defined by Here, r and R are the position vectors of the electrons and nuclei, respectively. We employed a relativistic CCSD method [32, 33] 
where ˆN O is the normal-ordered version of the operator, the subscript C refers to connected terms, and O0 is the expectation value of the operator Ô at the DF level [35, 36] .
III. Computational Method
We use the UTChem program [37] for generating the Dirac-Fock orbitals and the molecular orbital integral transformation [38] . We use the DIRAC08 program [39] for obtaining the CCSD wave function. We modified the above-mentioned codes to calculate Eeff [30] and
Ws [31] . We employ Dyall 2z, 3z, v3z, cv3z, and 4z basis sets [40] [41] [42] [43] with polarization functions added to them in the uncontracted form for all of the elements in our target molecules. Here, v3z
and cv3z refer to the basis sets of the same name, as shown in the basis set repository in DIRAC code. Li, Na, and K, respectively) to Dyall 2z and 4z basis sets, respectively. Comparing the results obtained by using these basis sets, we shall discuss the basis set dependence of the molecular properties in HgA. All the electrons in the molecules were excited, while the virtual orbitals at higher energies were cut-off at the integral transformation and the CCSD level. The threshold energies for the cut-off are summarized in the supplemental material [45] .
We use the following bond lengths (in Å); the experimental root-mean-square charge radii [51] .
IV.

Results
Hereafter, we only present the absolute values of Eeff and Ws for simplicity, while the values of PDM are shown with their sign. Finally, we note that the above points (ii) and (iii) are consistent with the work of Hao et al. [52] . They calculated the P-odd interaction shown in tables S1-S3 in the supplemental material [45] . The direction of the PDM is taken along the molecular axis from the mercury to the alkali atom. The basis set dependence of PDM is similar qualitatively to that observed in Eeff and Ws. Also, the basis set dependence of PDM is stronger than that observed in Eeff and Ws; e.g., values at the 2z, 3z, and 2z_pol basis sets do not reproduce the sign of 4z_pol. In contrast to this strong dependence, the values at the v3z, cv3z, and 4z_pol are in broad agreement, similar to Eeff and Ws in Fig. 1 . We, therefore, assess that the results are extremely sensitive to basis sets only for low-quality basis sets (e.g., 2z quality, with and without polarization functions), and hence our previous calculation of PDM at the cv3z [23] are sufficiently accurate, at least from the point of view of proposing new candidates for eEDM search experiments.
A. Basis Set Dependence
B. Analysis of Eeff and Ws
In this section, we discuss why 
C. Ratio Ws/Eeff
The ratios (Ws/Eeff) for atoms were first estimated by Dzuba et al. [63, 64] . Gaul et al. 
and     
Here, |s> and |p> is the valence s and p orbitals of the heavier atom in the molecule, which mainly contributes to Eeff. |other> refers to atomic orbitals excluding |s> and |p>.
Eq. (8) can be rewritten such that the contributions from the nuclear charge Z ('rel,edm) and the electronic structure of the molecule (X) are separated, as given below
  
and   . (17) Here, Rnuc is the nuclear radius. We modify Eq.
(8) in Ref. [9] so that it is consistent with the expression for X given in Eq. (14) for Ws. Eqs. To get insights into the ratio Ws/Eeff, it is important that the part depending on the electronic structure of the molecules (X in Eq. (14) 
where
In the above expression,  refers to the oneelectron molecular spin-orbitals, q and r are arbitrary indices of the spin-orbitals, aq † (ar) is an electron creation operator (annihilate operator)
in a spin-orbital q (r), respectively. From Eq. 
and †
Here,  is the electronic wavefunction of the unperturbed Hamiltonian, which includes the correlation effects.
Next, we generalize Eq. (11) . (28) From Eq. (21), Eeff is expressed as follows † eff rel,edm ,
The above derivation using Eq. (26) 
We see that the parts that depend on the electronic structure As a result, Ws/Eeff depends on only the nuclear charge Z even at the correlation level.
The points mentioned above can explain the trend in our previously reported results [27] ; Eeff and Ws in HgF are each larger than that of RaF (i.e., Z independent), while the ratio (Ws/Eeff) is larger for RaF (i.e., monotonically Z dependent).
The values of Eeff and Ws themselves depend on the contraction of the core region of the outermost orbitals [27] , and reflect the electronic structure of molecular orbitals. In contrast, Ws/Eeff only depends on Z and Rnuc as shown in
Eqs. (18) and (31), and are independent of the electronic structure of the molecule.
In the above discussion, we ignore the effects Table I Basis set information.
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Supplemental Material
Tables S1-S3 show the CCSD results for HgLi, HgNa, and HgK respectively, and also provide the information on our active space. We plot the values shown in Tables S1-S3 in Fig. 1 of the main text, and discuss these values in detail. The direction of the PDM is taken along the molecular axis from the mercury to the alkali atom. 
